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Abstract 

We introduce the filtered *-bialgebra which is a muhivariate generalization 
of the unital *-bialgebra C{X,X' ,P) of polynomials in noncommuting variables 
X = X* , X'* = X' and a projection P = P* = P"^ , endowed with the coproduct 
A(X) = X + X, A(X') = X' ®P + P® X', with P being group-like. 
We study the associated convolutions, random walks and filtered random vari- 
ables. The GNS representations of the limit states lead to filtered fundamental 
operators which are the OCR fundamental operators on the multiple symmetric 
Fock space TiTL) over TL = L^(R+,^), where ^ is a separable Hilbert space, mul- 
tiplied by appropriate projections. The importance of filtered random variables 
and fundamental operators stems from the fact that by addition and strong limits 
one obtains from them the main types of noncommutative random variables and 
fundamental operators, respectively, regardless of the type of noncommutative 
independence. 

Mathematics Subject Classification (1991): 81R50, 60J15, 46L50 



1. Introduction 

In this work we introduce and study basic noncommutative random variables, from 
which the main types of noncommutative random variables can be constructed regard- 
less of the notion of independence. 
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The basic idea of introducing filtered random variables is pretty straightforward and 
has its origin in the definition of the convolution of measures and the associated states. 
Let C[X] be the unital *-algebra of polynomials in X* — X , with the coproduct 

A{X) = X®1 + 1®X. (1.1) 

If 0, are states on C[X], then 

(l)-kc'i/^ = (j)®'iljoA. 

gives the convolution of states corresponding to the classical convolution of measures. 

In order to define a quantum deformation of this simple model, we replace the unit 
in the coproduct (1.1) by a projection P to get 

A{X')^X' ®P + P^X\ A(P) = P(8)P (1.2) 

Then, for given state on C[X'], we define its noncommutative extension to C{X', P), 
which is the free product C[X'] * C[P] with identified units, by 

0(p°r''ipr'*2p _ _ _ ^ (/)(r'^i)(/)(r"2) . . . 0(r"'=) 

where a, /? e {0, 1} and ni, . . . , rife G N, called the Boolean extension [11]. The convo- 
lution 

(f) -k^ ^j; — (f) ^ ij; o A 

where A is given by (1.2), gives a quantum analog of the classical convolution of states, 
called the Boolean convolution. Note that by introducing P we can deal with the usual 
tensor coproducts instead of the special one as in the approach of Schiirmann [19]. The 
same holds for the m-free and free products of states. 

This new convolution is very important since its generalization to the multivariate 
case, when restricted to suitable *-bialgebras, gives also m-free and free convolutions 
(see [4] and [11]). In the multivariate case we study the unital *-algebra 13 over C 
generated by Xk{o'), P(a) /c G N, a G P(N), where P(N) is the power set of N, with 
the involution given by Xk{a) = X^(cr), P(cr)* = P(cr), and subject to the relations 

P{a)P{T)^P{anT), P(0) = 1 

P(a)Xfe(r) = X,(r)P(a) iS k e a 

i.e. P((t)'s are projections which "partially commute" with the variables Xk{<j). When 
equipped with the coproduct and the counit 

A{Xk{a)) = Xk{a) ® P{a) + P{a) ® Xj,{a) 

A(P(a))=P(a)®P(a), e(X,(a)) = 0, e(P(a)) = 1, 

the algebra B becomes a unital *-bialgebra called filtered *-bialgebra. Therefore, we are 
in the position to study random walks [14] and stochastic processes over *-bialgebras 
(see [1] and [18]). 
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We take a suitable state 4> on 13, which is obtained by hfting the tensor product state 
0(8)oo C(Yfc, Pfc) to ;B through the mapping which sends each Xk(a) onto Yk and 

P{cr) onto the tensor product of P^s with k E a, where — Yk and Pk a projection. 
The state is our noncommutative, "filtered" analog of the classical product measure 
(a's play the role of filters due to "partial commutations"). 

The corresponding convolution central limit theorem (or discrete random walk), 
which plays the role of a noncommutative analog of the classical multivariate central 
limit theorem, gives, under the usual normalization, pointwise convergence of the A^-th 
convolution power 

where A'^"''" is the N — 1-th iteration of the coproduct A. 

The summands produced by iterating the coproduct are called filtered random vari- 
ables and can be viewed as quantum analogs of independent random vectors. It is 
important to note that by taking suitable linear combinations (strongly convergent 
series on the GNS pre-Hilbert space) of filtered random variables we obtain m-free 
(free) random variables. Thus all three basic notions of quantum independence in the 
axiomatic theory (tensor, free and Boolean, see [3], [20]) are covered by this scheme. 

By considering random walks with continuous time, or stochastic processes over the 
filtered *-bialgebra, we obtain in the limit the vacuum expectation state in the multiple 
symmetric Fock space r(7Y), where 

n = L\R+)®g 

and ^ is a separable Hilbert space called the multiplicity space. The GNS representation 

leads to filtered fundamental operators which are the CCR fundamental operators on 
r(L^(R+)^), mutliplied by projections P^'^\ where P'-'^-' is the second quantization of 
the canonical projection onto subspaces of L^(R+) ® Q built from the modes (called 
colors) which belong to the set a. 

Fundamental operators associated with different notions of independence can be ex- 
pressed in terms of the filtered ones. In particular, one can define bounded extensions to 
r{L'^{TV~)Q) of m-free creation and annihilation operators introduced in [5] as strongly 
convergent series of filtered creation and annihilation operators, respectively. This for- 
mahsm enables us not only to embed the free (or, full) Fock space over L^(R+) in r(7i), 
but also decompose r{Ti.) into an orthogonal sum of subspaces which are isomorphic to 
the free Fock space. 

The corresponding filtered stochastic calculus is developed in [12] and it is, in fact, 
a generalization of the Hudson-Parthasarathy calculus [6] (see also [16]) on multiple 
symmetric Fock spaces [15] and includes a new version of the free calculus, originally 
developed for the Cuntz algebra [8] , as well as gives calcuh for the hierarchy of m-free 
Brownian motions introduced in [4]. In that context, see also [7] and [17]. 

In Section 2 we introduce the filtered *-bialgebra which sets the framework for a 
unified approach to noncommutative probability. This leads to filtered random vari- 
ables, which are introduced in the more general setting of unital *-algebras in Section 3. 
Their combinatorics and the recurrence relation for the product state is given in Section 
4. Convolution limit theorems are proved in Section 5. In Section 6 we introduce the 
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filtered fundamental operators. These are used for the GNS construction of the limit 
of a sequence of random walks on the filtered *-bialegbra in Section 7. In Section 8 we 
determine the combinatorics of general filtered white noises. In Section 9 we study in 
more detail extensions of the m-free and free creation and annihilation operators to all 
of r(7Y). A free Fock space decomposition of r(7i) is established. 

We denote all scalar products by (., .) and identify operators and their ampliations 
if no confusion arises. 



2. Filtered bialgebras and convolutions 

In this section we discuss the bialgebras in our construction and the associated convo- 
lution. For general background on this, we refer the reader to [14] and [18]. 

For simplicity, consider first the unital *-algebra C[X] of polynomials in the variable 
X — X* endowed with the coproduct 

A : C[X] C[X] ® C[X] 

given by 

A(X)=X®1 + 1®X (2.1) 

and the counit e : C[X] C given by e(X) = 0. This coproduct leads to the classical 
convolution of measures and thus classical convolution of states. 

Namely, if 0,-0 are states on C[X] associated with measures /i, v on the real line, 

i.e. 

JR. 

then the convolution of states 

(f)-kc'ljj — (j)^'ljjoA 

corresponds to the classical convolution of measures niccU in the sense that 

where m„(/i *c J^) is the n-th moment of the measure -kc J^- 

The coproduct is a convenient tool to produce independent random variables [14]. 
Namely, by applying succesive iterations of A to X, we obtain 

N 

k=l 

where A'^ := (id (g) A^~^) o A for > 1 with A^ — A, and the summands 

ji^NiX) = 1®('-^) (8) X ® l®(^-0, 1<1<N, 
can be viewed as independent random variables with respect to the state 0®^. 
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The so-called Boolean convolution can be obtained by considering the unital *- 
algebra of polynomials in two noncommuting self adjoint variables C(X', P), where P 
is a projection, with the coproduct 

A: C(X',P) ^C(X',P)®C(X',P), 

given by 

A(X') = X' ®P + P®X', A(P) ^P®P, (2.2) 

and the counit e(X') = 0, e(P) = 1. It can be shown that this coproduct gives 
the Boolean convolution of states and thus the Boolean convolution of measures [23]. 
This follows from the hierarchy of freeness construction [1 1] , but a direct proof will be 
presented below. 

Definition 2.1. If is a state on C[y], where Y* = Y, then its Boolean extension 
is the state on C{Y, P), where P is a projection, given by the linear extension of 

0(paynipyn2p _ _ _ yn^p^^ ^ _ _ _ 0(y"fc) (2.3) 

where a,(3 E {0, 1} and ni, . . . ,nk € N, with 0(P) = 1. If is a state on the unital 
*-algebra A, then its Boolean extension to the free product A — A* C[P] (units 
identified) is defined in an analogous way. 

The Boolean extension of a state is a state since it is obtained as the Boolean 
product of the state 4> on C[Y] and the unital *-homomorphism h on C[P] given by 
h{P) = h{l) = 1. 

In order to have a unified model for both convolutions it is now enough to incorporate 
both coproducts (2.1)-(2.2) into one scheme. This is done as follows. The unital *- 
algebra B = C{X, X' , P) where X = X*, X' = X'* and P is a projection, endowed 
with the coproduct A : B ^ B ® B and counit e : i3 — > C given by 

A(X) = X (g) 1 + 1 ® X, A(X') = X' ® P + P (8) X' 

A{P) = P®P, e{X) = e{X')=0, e{P) = l 

(in other words, X' is P-primitive and P is group-like), becomes a unital *-bialgebra. 
Both classical and Boolean convolutions are recovered from {B, A, e), as we show below. 

Proposition 2.2. Let r] : B ^ C{Y, P), where Y ^Y* and P^ ^ P ^ P*, be the 
linear and multiplicative extension of 

rj{X)^rj{X')^Y, v{P) ^ P, r^(l) = 1 

and, for states 4>, ip on C[Y], let 4>q = 4> o rj, ipQ = ip o rj with the convolution 

0o*V'o = 0o®V'oo A (2.4) 

where A is the coproduct for B. Then the restrictions of (pQ-kipQ to C[X] and C[X'], 
respectively, agree with (p^ci^ o-i^d (pic^ip, respectively. 
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Proof. First of all, note that 0o and i/jq are states since rj is a unital *-homomorphism. 
That the restriction of the convolution (2.4) to C[X] gives classical convolution, is ob- 
vious. In turn, the statement concerning the Boolean convolution follows from the fact 
that the subalgebras C[Y] (g) P, P (g)J3[Y] of C{Y, P) ® C(Y, P) are Boolean indepen- 
dent with respect to the state 4> ^ ip. This fact can be easily seen from the following 
calculation: 

® ® p)(p ® ® p)(p ® . . .) 

= ^{Y^^PY^^P . . .)^{PY''^ PY""^ . . .) 
= (t){Y^')^{Y''')(t){Y^^)^P{Y''^) . . . 

A more general setting of the BoUean product of states was given in [11]. □ 

The quadruple (B, A, e, 0o) can be called the random walk (we follow Majid [14] in 
this terminology) on the pair of quantum planes. Note that on the quantum probability 
space level we may also study the pair (C(y, P),0), which corresponds to (polynomial 
functions on) a pair of quantum real lines. 

Let us consider now the multivariate generahzation of the *-bialgebra B. In classical 
probability, the multivariate case in an algebraic formulation would be reached if we 
considered the unital *-algebra C[Xfc;A; e N] of polynomials in commuting variables 
(Xfc)fegN) with the classical coproduct 

A(Xfe)=Xfc®l + l®Xfe (2.5) 

and the counit e(Xfc) = 0. 

Let us now define a quantum analog of this multivariate *-bialgebra, of which the 
bialgebra B is the "one-dimensional" version. Thus, introduce the unital *-algebra 

B = C{Xk{a), P{a); keN,ae P(N))/ J 

where Xk{a) = X^{a), P{a)* = P((7), 7'(N) is the power set of N and J is the two-sided 
ideal generated by the relations 

P(a)P(a') = P(cTna'), P(0) = 1 (2.6) 

P{a)Xk{T) = Xk{T)P{a) iff A; e a (2.7) 

i.e. the projection associated with the set a (we call a a filter) "filters through" the 
variables X^^a) if the index A; e cr. 

Proposition 2.3. The algebra B, equipped with the coproduct K:B^B®B and 
the counit e : B — > C given by 

A(Xfc(a)) = Xk{a) ® P(a) + P(a) ® X^ia) (2.8) 

A{P{a))^P{a)^P{a), e(X,(a)) = 0, e(P(a)) = 1 (2.9) 
for all k and a, is a unital *-bialgebra called filtered *-bialgebra. 
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Proof. The coproduct and the counit preserve the relations (2.6)-(2.7). □ 
By iterating this coproduct, called filtered coproduct, we obtain the sum 

A''-\X,ia))^j:lMXM) (2.10) 
1=1 

of P((7) -deformed random variables 

Ji,n{M<^)) = Pi<^f'~' ® M<^) ® (2.11) 
where a e V{N), k e N, 1 < I < N , N e N. 

Remark. The power set V(N) can be put in one-to-one correspondence with the 
Cantor set CS since any infinite sequence ^2, ?3, • • •) of O's and 2's gives a unique 
number q E CS with the ternary expansion given by 

oo 

On 

n=0 

which allows us to identify the set a with a number q & CS according to the rule 

n E a iff qn = 

Thus, the index set which gives our discrete quantum deformation of the coproduct 
(2.5) plays a role similar to the interval [0, 1] in the case of g-deformed quantum groups 
like SUq{2) or Uq{su{2)) (see [14], [10], [13]). 

When we go over from quantum groups to quantum probability spaces, we identify 
Xfc(cr)'s for all different a and fixed k, as we did by using the map f] in the "one- 
dimensional" case of Proposition 2.2. This is done in order to include different notions 
of independence in one scheme. For that purpose, we consider the mapping 

oo 

fj: B^(S)C{Yk,Pk) (2.12) 

fe=i 

given by the linear and multiplicative extension of 

f]{P{cT)) = Pf ®Pf ®...®Pf (2.13) 
f]{Xk{a)) = li® l2®...®lfc-i®n®lfe+i®... (2.14) 

where C{Yk, Pk) is the k-ih. copy of C(y, P) and the sequence (q'i, O's, • • •) represents 
a. The infinite tensor product is taken with respect to the set {Ijt, P^, k e N} (see [5] 
for the formal definition). 

It can be seen that is a unital *-homomorphism. Therefore, for given state (p on 
C[y], the functional 

= 0®~O77, (2.15) 
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is a state on B. It plays the role of a noncommutative analog of a vector state in 
classical probability. A generalization to vector states corresponding to products of 
different measures is immediate. It is enough to take 

oo 

$=(S)^Pk°V, (2.16) 
fc=i 

where (pk is a state on CfYfc], /c G N. 

When we take (2.15) (or, (2.16)), the quadruple {13, A,e,(j)) will give our stationary 
filtered random walk, using the terminology of Majid [14], which carries two structures, 
that of the unital * -bialgebra and that of the quantum probability space. The corre- 
sponding convolution of states 

0*^ = 0(g)^oA (2.17) 

(or, products of states) will be called the filtered convolution. 

One of the main motivations to study the filtered *-bialgebras, convolutions, random 
walks and stochastic processes comes from the following result, which follows from 
our previous work [11], although it has not been stated there in terms of the filtered 
convolution. 

Proposition 2.4. If $ and -0 are of the form (2.16) and i is the unital *- 
homomorphism 

i : C{Xk, ke-N)^B, i{Xk) = Xfe(N), 

then * o i agrees with the classical convolution of products of states. If (f) and ip are 
of the form (2.15) and i^'^^ denotes the unital * -homomorphism 

m 

k=l 

where Xk{p) = Xk{{l, . . . ,p — 1}), then cp -k ip o i^™-) agrees with the additive m-free 
convolution of states (p-kmip on C[X], 1 < m < oo. 

Proof. The statement concerning the classical convolution of products of states is 
obvious since i-*(N) = 1. In turn, the second part of the proposition is non-trivial and 
follows from the construction of m-free product states and the associated *-bialgebras 
(see [11], Section 5, where we also refer the reader for the definition of the m-free 
convolution) . □ 

Since C{Y, P) can be viewed as a quantum pair of real lines, on the quantum proba- 
bility space level we can interpret our object of interest as (polynomial functions on) the 
product of infinitely many quantum pairs of real lines, which is our non-commutative 
analog of R°^. On the bialgebra level, we have a bigger object since every variable X}. 
admits a family of different convolutions. 



3. Filtered random variables 
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In this section we introduce filtered random variables which are our noncommutative 
analogs of independent random vectors in the general setting of arbitrary unital *- 
algebras. 

In analogy to the classical case, wc obtain them by iterating the coproduct A as in 
(2.10). Then, we embed ji,N{Xk{a) into B°° to get 

P(a)®('-^) ® Xkia) ® P((7)®~ (3.1) 

and generalize these to the arbitrary unital *-algebras. In order to do that, write (3.1) 
as the product 

-1) <S?, Y. (rT\ 1 ( P(rr\^il-^) 



Xk{a) ® l^'^)(p(afi^-'> 1 (g) P((j)®~) 

of an ampliation of Xk{a) into and a projection indexed by a. This shows that 
the definitions given below are a natural generalization of those of Section 2. 

Let {Ai)i,^L be a family of unital *-algebras with units 1; and let {(f>i)i,^L be the 
corresponding family of states. Consider a noncommutative probability space (^i, $i), 
where 

Ai = (^Af^, $i = (g)0f°°, 

and Ai — Ai * C[Pi] is the free product with identified units. Pi being a projection, 
whereas (j) is the Boolean extension of (Definition 2.1). The infinite tensor products are 
understood as in [5], with the canonical involution. This noncommutative probability 
space will be called the multiple probability space associated with the considered family 
of probability spaces since each of them appears infinitely many times in the considered 
tensor products. We will refer to those copies as colors. Roughly speaking, Af°° and 
0f °° correspond to C{Yk, Pk) and 0®°° for each / G L, respectively of Section 2. 

If (Hi,7ii,fli) is the GNS triple for the pair {Ai,(f)i), then is the GNS 

triple for {Ai, (pi), I G L, where tt; agrees tt/ on Ai and Tfi{Pi) is the projection onto the 
cyclic vector fli. For convenience, we can identify x E Ai with 7Ti{x), Pi with Pq^ and 
(pi with the expectation state {fti, .fli) (see [5]). 

Guided by (3.1), from projections Pm we construct projections P{1, a) to be elemen- 
tary tensors in Ai with components 

. _ j Pm ii rriy^l and k ^ a 
f[i,<T)m,k-y otherwise 

where a G P(N) and I E L. In the case when a = {l,...,r — 1}, we will write 
P{l,r) = P{l,a). 

Definition 3.1. By filtered random variables we will understand elements of Ai 
which are of the form 

XP (3.2) 

where X = X(/, k) is the (/, k)-th ampliation of a; G into Ai and P = P(/, a), where 
I E L, k E N, a E P(N). In particular, the unit 1 = (8);gx, lf°° is a filtered random 
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variable. 



If L = N, filtered random variables can be represented as infinite matrices. Assume 
that k numbers the rows and / numbers the columns. For instance, for x e A2, X = 
X(2, 3) and P = P(2, 4) we have 



XP 



/ li I2 I3 

li I2 I3 

ll X I3 

Pi I2 P3 

Pi I2 P3 

V . . . 



Note that if L = N, multiplication of filtered random variables corresponds to Schur's 
multiplication of matrices. 

Definition 3.2. Let A be the unital *-subalgebra of Ai generated by all filtered 
random variables and let $ = The noncommutative probability space {A, $) will 

be called the filtered probability space associated with (^/,0/)iGL and the state $ will 
be called the filtered product of {4'i)i^l- The unital *-subalgebras of A, 

Ai = (XP| X = X(Z, k), P = P(Z, (7), X e A; e N, (7 e P(N)), I e L 

will be called filtered with respect to 

Example 1. Let *ieLAi denote the free product of {Ai)ieL with non-identified units. 
Fix A; e N, cr e P(N) and define a *-homomorphism 

Z'^'^): *ieLAi^A 

as the linear extension of 

. . . x„) = Xi(/i, k)P{h, a)... X„(Z„, k)P{l^, a) 
for Xi e Al^, l\ ^ h ^ ■ ■ ■ ^ In- Let us define the mapping 

i- n^hAi^^Ai 

leL 

as the linear extension of 

i{xi ...Xn)= ihixi) . ..ii^{Xn) 

where ii are canonical *-homomorphic embeddings of Ai into Then, 



{k,a) 
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where *f^L4'i denotes the Boolean (or, 1-free) product of states {(j)i)i^L on *i^lAi. In 
other words, for fixed k, a, the set {X(/, k)P{l, a) : / G L} is a family tensor independent 
r.v. ii k e a and Boolean independent r.v. ilk ^ a (see [7]). 

Example 2. As we showed in [11], the Boolean product is just the first-order approxi- 
mation of the free product of states in free probability [24]. Higher order approximations 
given by the modified hierarchy of m-free products [5] (the case with non-identified units 
of the usual hierarchy of freeness of [11]) can also be obtained from the filtered product. 
Namely, let m e N, and define 

as the linear extension of 

where xi e A^, h^h^ ■■■^In, and 

m 

-jt\x) = Y: X(/, k){P{l, k) - P(/, k - 1)) (3.3) 
fe=l 

for X & Ai- Then 

where denotes the modified m-frcc product of states. If m = oo, the series given 

by the representation of (3.3) converges strongly on the GNS pre-Hilbert space (see [5]). 
Moreover, 

j(°°)(l,) = l, leL 

and thus $ o is well-defined on the free product of Ai, I G L, with identified units 
and agrees on it with the free product of states (for details, see [5]). Thus, the variables 
ji™'\x), X ^ Ai, I & L, are m-free random variables for m G N and free random 
variables if m = oo. 



4. Combinatorics 

Let us now introduce a new class of partitions which is crucial to the combinatorics of 
filtered random variables. 

— * 

Definition 4.1. Let k — (/ci, . . . , A;„) and a — (cti, . . . , (Jn) be color and filter 
tuples of natural numbers and sets of natural numbers, respectively. A partition R = 
{Ri, . . . , Rq} of the set {1, . . . ,n} will be called [k, a)-adapted if and only if it satisfies 
the conditions 

(Al). V 1 < g < n Vi, j G h ^ kj 
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(A2). If i <m < j, where i,j e Rq and m ^ i?g,then ki = kj e am- 

— * 

The collection of all {k, a)-adapted partitions (pair partitions) will be denoted by 

— * . — * — * 

Vn{k,a) (PP^"(A:, (t)). The partitions of {!,..., n} which are not (/c, CT)-adapted will 
be called {k, a)-non- adapted. 

In other words, Vn{k, a) is the subset of all partitions P„ of {1, ... , n} which are 

— * 

adapted to the tuples k and a in the following sense: (Al) colors corresponding to the 
elements of the same block have to match, (A2) between the elements of a given block 
there are no filters associated with other blocks which separate them. In particular, if 
ki — k, ai = a for all 1 < i < n, then the two extreme cases are given by 



Vn{k,a) 



Vn if A; G (T 
V'^^ a k^a 



where V^^ denotes the interval partitions of {!,..., n}. In turn, if (jj = N for all 
i — 1, . . . ,n, then 

— * 

where Vn{k) denotes all partitions R of the set {l,...,n} such that ki = kj iff i,j 
belong to the same block of R (this corresponds to the classical multivariate case). 

Definition 4.2. If i? is (A;, (7)-non-adapted, then the unique coarsest subpartition 

— * — * 

of R which is {k, CT)-adapted will be denoted by R{k, a). 

Examples. Consider the partition 

i? = {{l,3,5},{2,4}} 

of {1,...,5} and let the color tuple be given by A: = (1,1,2,1,1). Then R is not 
{k, a)- adapted for any a since it does not satisfy (Al). If we take now the filter tuple 
a = ((7i, . . . , (75) given by cr, = {1, . . . , n - 1}, with n = ra = = 1, r2 = r4 = 2, then 

R{k,a) = {{l},{2},{3},{4},{5}}. 

In turn, if we take r = (ti, . . . , T5), where Tj = {1, . . . , Sj — 1} and si = S5 = 1 and 
S2 — S3 — S4 = 2, then 

i?(^,f) = {{1,5}, {2, 4}, {3}}. 

We will see that partitions which are not {k, a)- adapted are less important since 
they do not survive in the limit theorems. Therefore, there is an analogy with the 
crossing and non-crossing partitions in free probability, the {k,a)- adapted playing a 
similar role to non-crossing partitions, whereas the non- {k, CT)-adapted behave like 
crossing partitions. 

Let us give a recurrence formula for moments of filtered random variables, or "filtered 
moments" . It is convenient to introduce the following notions. 
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Definition 4.3. Given a tuple of pairs ((/i, /ci), . . . (/„, kn)), we will say that {Ij, kj) 
is a singleton if (/j, kj) ^ ki) for all i ^ j. If {k, ki) = {Ij, kj) for i < j such that 
there is no i < r < j for which {Ir, K) — {h, ki) and there exists i < m < j such that 
Im 7^ h and /cj ^ cr^, then we will say that the filter separates {li, k^) and {Ij, kj). 

Proposition 4.4. Let Xj := X(/j, A:,), Pj := P(/i,cri), 1 < i < n, where Xi e 
/j e L, ki e N, Gi e P(N), with n eN, and {li, ki) ^ {k, k-^) . . . ^ {In, kn). Then 

$(XiPiX2P2 . . . X„P„) = $(XiPi)$(X2P2 . . . X„P„) 

if {h, ki) is a singleton, or if there exists a filter which separates (/i, ki) and {Ir, K), 
where r is the first index for which (Zi, ki) — {Ir, K), and otherwise 

$(XiPiX2P2 . . . X,P,) = $(X2P2 . . . XiX,P, . . . X„P,) 

Proof. These formulas follow from the definition of filtered random variables. □ 

Proposition 4.5. Under the assumptions of Proposition 4-4) 
$(XiPi...X„P„) = $(XbJ...$(XbJ 

= (I>1(B,){XBi) ■■■(f>l(Br){XBr) 

where R is the partition associated with the tuple (/i, . . . , /„), Bi, . . . B,,. are the blocks 
of R{k,a), Xb = llj&B^j o,'>^d xb = Hj&B^j osre products taken in the natural order, 
and 1{B) is the index I e L associated with block B. 

Proof. This is a straightforward consequence of Proposition 4.4 and the fact that if 

— * 

ji, . . . ,jr are elements of the same block B e R{k, a), then 

$(X,,P,, . . . X,-,P,J = ${Xj^ . . . X,J = <PiiB){x,, . . . Xj^) 
(Definition 4.2 is crucial here). □ 

Example. Let L = N and take Xi,X3 G Ai and X2,X4 G A2- Then the partition 
R = {{1, 3}, {2, 4}} is associated with the tuple {li,l2,l3,U) = (1,2,1,2). Let us 

— * 

consider two cases of color and filter tuples: (i) k = (1,1,1,1), a — (1,2,2,1) and 
(ii) m — (1,1,1,1), T — (1,2,1,1). Then the corresponding "filtered moments" can 
be obtained by refinement of R and represented in terms of diagrams. By p'^''' we 
understand the number p associated with color k and filter {l,...,r — 1}. 
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12 3 4 



R{k,a) 



1,1 Ol,2 



Jl,2 /1 1,1 



(ii) 



R{m, t) 



21,2 31,1 41,1 



12 3 4 
The corresponding moments are given by 

respectively. We can see how the filters make certain connections in the partition R 
disappear. 



5. Convolution limit theorems 

In this section we will prove the central limit theorem and Poisson's limit theorem for 
filtered convolutions of states on the bialgcbra B. Wc choose the convolution formulation 
for clarity of exposition, but the general case, based on the filtered product of states, 
is done in an analogous fashion. 

The combinatorics of filtered convolution powers 

where e N, is given by Lemma 5.1. To a large extent we follow our approach for the 
convolution powers of g-deformed states on Uq{su{2)) given in [10]. 

Lemma 5.1. Let k = {ki, . . . , kn), B = (ui, . . . , an), where ki e N, e P(N), 
l<i<n, and let N eN. Then 

$^^{xM...xM)-f:iN)p E n fe) (5-1) 

p=l R={Ri,-,Rp}^'Pn BeR(.k,a) 

where {N)p = N{N - 1) . . . {N - p + 1) and Xb ^ UieB Xki{(^i) for the block B of the 
partition R{k, a), with the product taken in the natural order. 

Proof. Denote Xi — ^^^(cri), . . . , X^ — Xk^{an)- Using the notation of (2.11), we have 

N 

Y: $^''OluN{Xl)...jlMXn)) 

ll,...,ln = i 
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and 

n 
m=l 

The tuple (/i, . . . , /„) defines a partition it! of the set {1, . . . , n} in the usual way. Namely, 
if {/i, . . . , /„} = {ki, . . . , kr}, where k/s are all different, then Rj — {i : li — kj}. Thus, 
from (2.15) we get 



where is a multiplicative extension of the mapping 

Now, if 1 < r < n, then for each partition R consisting of r blocks, there are {N)r 
tuples (Zi, . . . ,ln) which give the same contribution Hi (f^i^f'iXi ■ ■ ■ Xn)) (the same com- 
binatorial argument is presented in [10] in more detail). Thus 

n r 

0*^(Xi . . . x„) = ^(7V)^ ^ n HCUXi . . . x„)). 

r=l R={Ri,...,Rp}i=l 

Finally, note that 

n 0(ef (^1 ■ ■ ■ Xn)) = ${Xb,) . . . ${Xs^) 

where Bi, . . . , Br are blocks of the partition R{k, a) since every block Rj of R splits up 
into subblocks for which all fcj's are the same and are not separated by any filters due 
to the way 4> separates words. It is also worth noting that 4>{Xb) = 0(X#-^) where # 
stands for the number of elements. □ 

In order to state the central limit theorem, let us introduce the gradation on 13 given 
by d{Xk{a)) = 1 and d{P{a)) = for all k and a. Then, for iV e N, define 

where is a word in B and d{W) is its degree. 

Corollary 5.2. Consider a family of states 0jv on C\Y], where N & N and 
suppose that the limits 

lim 0^^(F'=) = Q{k) 
exist and are finite for a// A; e N. Then 

hm $f{X,,{a,) . ..XM) = E n (5.2) 
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where is the number of elements in the block B. 

Proof. It is an immediate consequence of Lemma 5.1 since ii R E Vn \ VnikjCr), then 
the number of blocks in R{k, a) is strictly greater than the number of blocks in R which 
makes the contribution from R disappear as A?" — > oo. □ 

Theorem 5.3. (Central limit theorem) Let ki e N, o-j e 'P(N), i = 1, . . . ,n. 
Suppose that 0(Xfe.(cri)) — and 4>{Xl.{ai)) — 1 for i — 1, . . . ,n. If n is even, then 

hm 0*^oD^^(X,,(aO...X,„K)) = \Vr{K^)\ (5.3) 

iV— »oo 

and, if n is odd, the limit vanishes. 

Proof. It is enough to use Lemma 5.1 and notice that if there is a singleton in J?, 
then there is no contribution from such a partition to the right hand side of (5.1). 
In turn, if there are no singletons, then (A^)p/A^"/^ unless 2p = n. That means 
that in the limit only pair-partitions may give a non-zero contribution. However, note 

— * 

that those pair partitions which are not {k, CT)-adapted give zero since in that case the 
number of blocks of a) is strictly greater than the number of blocks of R and 
YlB^Rika) ^{-^b) = by the mean zero assumption. □ 

Example 1. Note that if (jj = N for all 1 < i < n and all n, we obtain \'Pf^^^'^{k)\ on 
the RHS of (5.3) which gives the moments of the classical multivariate Gaussian law. 

Example 2. Here we give some one-dimensional examples, li ki = k and Ci = a 
for 1 < i < n and all n, then we obtain the Gaussian law if /c G o" and the 1-free (or. 
Boolean) central limit law corresponding to the discrete measure n^^^ = l/2(5_i -|- di) 
ii k ^ a. In turn, if we take 

A("*) = A o (5.4) 

where j^'^^ is given by (3.3), we obtain the m-free coproduct defined in [11], for which 
the convolution powers tend to the m-free central limit laws and approximate pointwise 
the Wigner semi-circle law for m = oo. For details, see [4]. 

Theorem 5.4. (Poisson's limit theorem) Under the assumptions of Corollary 
5.2, suppose that Q{k) = X for all e N, where A > 0. Then 

N—^0O 

where b{R) is the number of blocks of R. 

Proof. It is an immediate consequence of GoroUary 5.2. □ 

Example 1. Let us first give some one- dimensional examples. Again, ii ki = k and 
CTj = cr for 1 < i < n < oo, then we obtain the classical Poisson law for /c e cr and 
the 1-free (or Boolean) Poisson law lor k ^ a corresponding to the discrete measure 
jJ'l^ — 1/(1 -|- A)((5o + A5i+a)- Considering linear combinations of sample sums as in the 
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preceeding example, wc obtain the m-free Poisson laws for m G N and the free Poisson 
law [21] for m = oo (see [4]). 

Example 2. If we take given by (2.16), i.e. corresponding to the product of 
measures, then we can generalize Lemma 5.1 and Corollary 5.2 to the effect that if 
limjv^oo 4>s,N{y'') = K where > 0, s e N, then the RHS of (5.5) takes the form 

■ ■ ■ Kp 

ReTn.{k,S) 

where Si, . . . , Sp correspond to the blocks Si, . . . , of the partition R(k, a) and denote 
their colors (which are the same within one block by (Al) of Definition 4.1). These 
moments are the moments of the multivariate classical Poisson law. 



6. Filtered Fundamental Operators 

In this section we recall basic facts concerning multiple symmetric Fock spaces over 
IC = L^(R+), which will be the underlying space for the filtered fundamental processes. 

Let ^ be a separable Hilbert space with a countably infinite fixed orthonormal basis 
(en)neN- It is called the multiplicity space. By a multiple symmetric Fock space over K. 
wc understand the symmetric Fock space over H — L^(R+, Q) = L^(R+) (8) ^ = /C ig) ^, 
namely 

00 

r{n) = CO® 07i°" 

n=l 

where denotes the n-th symmetric tensor power of H and fl is the vacuum vector, 
with the scalar product given by (Q, Q) = 1, (Q, u) — and 

{Uio ...OU„,ViO ...OVm) ^ Sn,m-^ ("l' ""^(l)) " " " i'^n, Va{n)) 

where 

UiO ...OUn^ — 2^ ® U^^n) 

and S„ denotes the symmetric group of order n. 

Denote by H^'^^ the hnear subspace of H spanned by all e ?^ of the form 

u = Y^ m(^) (g) ek 

where a e P(N). In particular, we put H^'^^ = {0}. The set a will be called a filter and 
the associated canonical projection will be denoted LI^'^) : H — > H^'^^ with v^'^^ — U.'^'^^v 
for any v E H. Then let P^"^ : r{n) FC^^^)) be the second quantization of U^''^ 
Thus, if e{v) is an exponential vector in F(?Y), i.e. 

00 -1 

= 

n=0 V n! 
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with = n, we have P('")£(m) = e{u^''^). 

Of special importance will be subspaces H^'^^ of H spanned by ellu ETC of the form 

r-l 

u^Yl ^^^^ ® ^k, 

k=l 

where r > 1, i.e. here cr = {1, . . . , r — 1}; we set H'^^^ — {0}. In r(7i), we will use the 
finite particle domain ro(7i), i.e. the linear space generated by vectors of the form 

■Ui o o . . . O 

where vi, . . . ,Vn G n e N. 

Since H can be viewed as a direct sum of infinitely many copies of fC and we need 
some convenient terminology concerning the numbering of those copies, we will refer to 
them as colors. Thus, in the direct sum decomposition 

7^ = /C ® efc 
feeN 

the k-th summand will be associated with the k-th color and we will say that non-zero 
vectors from that summand are of A;-th color. In addition, to the zero vector we assign 
the 0-th color. 

By filtered creation and annihilation operators we will understand operators given 

by 

a("^*(/®efc) = a*(/®efe)p('^) (6.1) 
a^^Hf^ek) - P^'^^aU^efe), (6.2) 

respectively, where a*{f<S>ek) and a{f®ek) are the usual boson creation and annihilation 
operators (see [P]). Thus, filtered creation operators first "filter out particles of colors 
which are not in a and then create a particle of given color", whereas the filtered 
annihilation operators "first annihilate a particle of a given color and then filter out 
particles of colors which are not in cr" . 
In addition, we define 

^{k,a)o ^ ^{k)op(aU{k}) ^g_3^ 

and call filtered number operators. In an analogous fashion one can define exchange 
operators. 

Proposition 6.1. The finite particle domain Tq{7{) is contained in the domains 
of filtered fundamental operators. Furthermore, the following relations hold: 

1 " 

a^''\f <S> ek){vi o V2 o . . . o Vn) = -i= i^f Vi"''* o . . . o Vj o . . . o vl^\ 

V ^ j=i 

a^''^*{f^ek){viov2 0...ovn) = V^^iTl{f ^ Ck) o vl^'K . . . o v^^\ 

n 

a(^'")°(i;i ov2 0...oVn) = ^1"^ ° • • • ° i^f ® efc) o . . . o v^^^ 
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with a^"^ (/ (g) efc)fi = 0, a^*^)* (/ (g) 6^)0 = f®ek and a^^'^'^n = 0, where vi, . . . ,Vn & U, 
keN,ae P(N), n e N. 

Proof. The first statement follows from the definitions (6.1)-(6.3) and an analogous 
property of the canonical (CCR) operators and the fact that the projections P^"^^ leave 
the finite particle domain invariant. Similarly, the relations follow immediately from the 
analogous formulas for the canonical (CCR) operators (we use Hudson-Parthasarathy's 
normalization) . □ 

Lemma 6.2. Filtered creation and annihilation operators satisfy the following rela- 
tions on the finite particle domain: 

a^'^\f ® ek)a^^>{g ® ei) - a^->{g ® ei)a^"\f ® e,)pWl{,e<,} = 5u,i{f , g) P^"""^^ 

for any k,l eN, a,r e V{N), f,g eJC. 

Proof. In the proof given below we understand that the equations hold on the finite 
particle domain, but it remains valid on the whole intersection of the domains of the 
considered filtered operators. Using canonical commutation relations (CCR) of the form 

a{f ® ek)a*{g ® ei) - a*{g (g) ei)a{f ® e^) = Sk,i{f, g). 

we obtain 

a^^Kf ® ek)a^^>{g ® d) = P^^^aif ® ek)a*{g ® ei)P^^^ 
= P^"^a*{g ® ei)a{f ® e,)p(-) + 5u,i{f, g)P^''''^\ 
Now, note that if / ^ cr, then 

P^''^a*{g®ei)a{f®ek)P^^^^Q 

and we obtain 

a^'^H/ ® eu)a^^>{g ® d) = 5k,i{f,g)P^''''^\ 
Consider now the case / e a. Then 

P('^)a*(^ ® ei)a{f ® efe)p(^) - a*{g ® ei)P^''''^^a{f ® efc)p(^) 

= a*{g® ei){P^''^ - P^''''^^)a{f ® efe)p(^) 

since P*^*^) commutes with a*(g®ei) for / G a. Note that if o" C r, then P^'^^ = p'y"^'^) and 
thus the above expression vanishes. In turn, if r C a, then P^*^) — p(<^'^'^) = p('^) — pW. 
However, 

p(^) : T{H) r{n^^^) 

and a{f ® e^) leaves r{T-C^'^^) invariant, hence when we apply P^'^^ — P^'^\ we can see 
that the above expression also vanishes. Therefore, if Z e cr, we obtain 

a^''\f ® ek)a^->{g ® d) - a*{g ® ei)P^''''^^a{f ® efc)p(^) 

= a('^)(/ ® ek)a^^>{g ® d) - a^^>{g ® ei)a^''\f ® efe)p(^) 
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Combining the two cases I e a and I ^ a ends the proof. □ 

Let us finally define the fundamental procesess associated with the filtered funda- 
mental operators introduced in this section. They will appear in Sections 5-7 when 
finding GNS realizations of limit states. They will also serve as integrators in the 
filtered calculus developed in [8]. Thus, in connection with (6.1)-(6.3), let 



aI"'"^* = a^^^^xm^e,), (6.4) 
Ap'-) = a('^)(x[M®efc), (6.5) 
4'''^)° = A(J[o,]®|e,)(efc|)p(<^^W), (6.6) 



where t > 0, k & N, a & 'P(N), /[o^tj denotes the operator of mulitplication by the 
characteristic function X[o,t] on L^(R+), and \{H) denotes the differential second quan- 
tization of H & B{l-L). The families of processes given by (6.4)- (6. 7) will be called 
filtered creation, annihilation, number and time procesess, respectively. When speaking 
of all of them, we will call them filtered fundamental processes. By filtered Brownian 
motion we will understand the unital *-algebra generated by filtered creation and an- 
nihilation operators indexed by time intervals. 



7. Random walk on the filtered bialgebra 

In this section we show that a limit of continuous-time random walks on the filtered 
*-bialgebra gives the filtered Brownian motion. This gives a multivariate Brownian 
motion on the multiple symmetric Fock space which satisfies the properties required by 
the axioms for white noise on *-bialgebras given in [1] and [18] and includes quantum 
Brownian motions for different types of independence [2] . For the first quantum version 
of the Wiener process, see [3]. We follow the notation used in [9] for the random walk 
on Ug{su{2)). 

Instead of we choose to work with a slightly more general unital *-bialgebra 
C, also called filtered *-bialgebra, which is defined to be the unital *-algebra over C 
generated by Xk{a), Xl{a) and -P(cr), where A; e N, cr e P(N) subject to relations 
(2.6)-(2.7), where P{(t) is a projection for each a G (this of course also means 

that P((t) commutes with X^(t) for k & a), with the coproduct in which Xfc(cr) and 
X^{a) are both P(cr)-primitive and P{a) is group-like (cf. (2.8)-(2.9)). 

Let A;eN, (7eP(N), iVeN, and consider a sequence of continuous-time random 
walks on C given by 

Nt 

AS(4(^)) = E Pi^r^-'^ ^ Xlia) ^ Piar-> (7.1) 

l=Ns+l 

A^/P{(j)) = 1®^^ P(c7)®(^'-^^) 1®°° (7.2) 
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where < s < t < oo, iVt = E[tN], with X^(a) G {Xkia), xl{a)}. 

It is easy to check that for each pair (s, t) and natural number N, the mapping 



given by the hnear and multiphcative extension of (7.1)-(7.2) is a unital *-homomorphism 
and the triple (A^Jo<s<t, 0®°°) satisfies for each N eN the properties required 

from a stochastic process over the bialgebra C given in [1] . In particular, 

^ A,^ = A^ 

s,t t,r s,r 

for all < s < t < r, where Aj^^ ★ A^^^ = Mo (A^^ A^^) o A with M(a b) ^ ah. For 
details on stochastic processes over *-bialgebras see [1] and [18]. 

In this *-bialgebra formulation, further preparations are similar to those which lead 
to the central limit theorem. Namely, for a given state (f) on C(F, Y*) we denote by 
its Boolean extension to C(Y, Y*, P), where P is a projection and we set = 0®°° o 77, 
where 

00 

77: c^(g)C(n,y;,Pfe) 

k=l 

is defined by the *-multiplicative extension of formulas (2.13)-(2.14). 

Below we will study the limit of distributions of the mixed moments of (7.1) as 
N ^ 00 and find the GNS representation of the limit state. Let us remark that more 
general sample sums indexed by / e L^(R+) can also be given and the proofs of this 
section will still hold. 



Theorem 7.1. Let Zi = Xk,{ai), Z* = Xl{ai), where h e N, cxi e P(N), 
i = 1, . . . , n. Suppose that $ = 0®°° with (t){Y) — and the only non-vanishing second- 
order moment of (f) is given by 0(yy*) = 1. Then 

lim^N--/'^Al,^{Z\) . . . A^l,^{Zi)) = (^(a(-)H^i) . . . a^-^^K)) 

where Z\ G {Zj, Z*}, vi = X[si,ti] ^ki, i = I, ■ ■ ■ ,n, and Lp{.) = {il, .Q) is the vacuum 
expectation in I'i'H). 

Proof. From the general invariance principle [22] and the combinatorics of the filtered 
central limit theorem it follows that for even n = 2p we have 

p 

LHS ^ J2 S{R) Y[{Vaim):Vp(^rn)) 
ReV^;"{k,a) '"=1 

where the blocks of R consist of two-element sets {a{i), (3{i)}, with a{i) < i — 
1, . . . ,p and S{R) = 1 if for the given partition R we have Z^^-.-) = Za(i) and Z^^--^ — Z^f^-^ 
and otherwise S{R) = 0. It is clear that if n is odd, then LHS = 0. 

It is clear that RHS = if n is odd, too - it is enough to use the properties of 
creation and annihilation operators following from Proposition 6.1. Therefore assume 
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that n = 2p. Next, notice that in order that LHS = RHS it is enough to show the 
following claim: 

p 

(p{a\ ...ai)= J2 '^(^) n (^^aM, -^/^m) 

where, for simplicity, we denote Oj = a'^^\vj). 
We begin with the simplest case, i.e. 

(fiiaia^ . . . a2p-ia*2p) = (vi, V2){v3, V4) . . . {v2p-u V2p) 

p 

the second expression being formally written as a sum since we have at most one 
partition contributing to it. This is the beginning of an induction procedure. Namely, 
it is enough to show that from the claim being true for all expectations of orders < 2p— 2 
and for (^(a^ . . . a*ai+i . . . a^2p) it follows that it also holds for the expectation of the form 
^p{a\. . .ai+ia* . . .a\p). 

Suppose that ki ^ cTj+i. Then 

(^(ai...a,+ia*...4p) = {v,,v,M<A- ■ ■P^"''"''^'^ ■ ■ -^Ap) 

p 

where V^^^^{k, a\i, i + 1) denotes all {k, a)- adapted pair partitions with 

k — {ki, . . . , /cj+i, ki, . . . , kn), a — ((Ti, . . . , (Jj_|_i, (Tj, . . . , 

in which + 1) forms a pairing. The first equality follows from filtered relations of 
Lemma 6.2, whereas the second - from the inductive assumption and the fact that if 
ki ^ (Tj+i, then 

Vi^ePlffta) 3R' eVE^^iOMk:^)) ■■ R = R'u{{t,t + l)}, 
where ^) = (k, 5^), with 

k = {ki, ki-i, ki+2, ■■■,kn), a = (cTi, . . . , crj_i, C(c^i+2), • • • , C{(^nj), 

and 



aid aid CTj+i if (s, /) is a pairing for s < i 
(Ti otherwise 



where i + 2 <l <n. 

In turn, if ki G (7j+i, then using Lemma 6.2 again, we obtain 

ip{a\... ai+ia*i . . . a\p) 
= {vi+^, Vi)^{a\ . . . p(-^n-^+i) . . . a\^) + ^{a\ . . . a*ai+,P^''^^ . . . a\^). 
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By the inductive assumption and similar arguments as above, the first term gives 

p 

E m n 

whereas the second, a sum over all the remaining partitions from V^'^^'^{k,a) (it is 
disjoint from the first since + 1) cannot form a pairing as in the associated creation- 
annihilation pair the annihilation operator follows the creation operator), namely 

p 

by the inductive assumption. Note that the projection p(°'<), which follows the annihi- 
lation operator in the second term, ensures that the annihilation operator a^'^^+'^\vi+i) 
in the original expression cannot be paired off with any creation operator (standing to 
the right of this annihilation operator) of color A; ^ dj. 

Adding now those two expressions, we can see that the claim holds for 

ip{a\...ai+ia* ...a\p), 

which finishes the proof. □ 

Example. If ki = k, ai = a for 1 < i < n and arbitrary n, then we obtain the 
CCR Brownian motion if A; G cr and Boolean Brownian motion if k ^ a. By taking 
linear combinations of sample sums corresponding to m-free (free) independent random 
variables, we obtain the m-free (free) Brownian motion [4] . 



8. Filtered White Noise 

In this section we define the general notion of filtered white noise, determine its combi- 
natorics and study the example of filtered Poisson white noises. Our approach largely 
parallels that used by Speicher for free white noise [21]. 

Definition 8.1. Let Int(R+) denote the intervals in R+. An s-dimensional filtered 
white noise consists of a unital *-algebra C, a state p on C and a family of finitely 
additive mappings Int(R''") — > C, 

I ^ {ci{k,a]l),...,ci{k,a]s)), keN, aeViN) 

such that 

(i) for any pairwise disjoint intervals J(l), . . . , I{n), 

p{ci(i,){ki, (7i; gi) . . . ci(i^){kn, cr^; qn)) = p(cbJ . . . p(cbJ (8.1) 

where Bi, . . . , Br are the blocks of R{k, a), with R being the partition associated with 
{li, . . . ,ln) and cb denotes the product, taken in the natural order, of ciQ.){ki, af, gi)'s 
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for i G B, 

(ii) the distribution pj = p\Ci depends only on the Lebesgue measure of the interval /, 
where Cj denotes the unital *-algebra generated by ci{k,a;q), e N, cr e P(N) and 
l<q<s. 

Lemma 8.2 Let (C, p, {cjik, a; 1), ... , ci{k, a; ?^))/eint(R+),A:GN,cre7'(N)) an s-dimen- 
sional filtered white noise and let Ct{k, a) = C[o,t)(/c, a) for /c e N, cr e P(N). Then 

p{ct{ki, ai, qi) . . . Ct{kn, (Jn, qn)) ^ J2 II Qt{B) 

where 



lim p{ct/N{k, <Jj(i); . . . Ct/N{k, ai(r); qi{s))) 



Qt{B) = Qt{k, {a,i)i^B, iqi)ieB) 
= lim p{ct/N{k,ai(iy,q., 

and B = . . . , i{m)} with i{l) < . . . < i{rn) with k = k{B) = ki(^j) for all i{j) G B. 

Proof. By additivity of the filtered white noise, we can split up each c^^''^'^'* into a sum 
of N summands: 

N 

Ct{k,a;q) =^CiQ){k,a;q) 
1=1 

where I{1) — [{I — l)t/N, It/N). Moreover, the summands have the same distributions. 

Now, note that from (8.1) it follows that we can use the same combinatorial argu- 
ment as in Corollary 5.2 providing the limits 

Qt{B) = lim Np{ci(i){k, (7i; qui)) ■ ■ ■ ci(i){k, (7„; qi(^r))) 

N—^00 

= lim Np{ci^i){k, (7i; . . . ci^i){k, a^, qi{r))) 

exist for all l,k & N, ii, . . . ,ir, 1 < r < n, where k — k{B) and the dependence of 
the limit on k, crj(i), . . . , (7j(r) and . . . , is suppressed. Existence of such limits 
follows from an induction procedure which is analogous to that in the free case [21]. □ 

Example. A 2-dimcnsional filtered Gaussian noise is obtained from Q(A;,cr;l) = 
Af'''\ ct{k,a;2) = A^'"^*, given by (6.4)-(6.5), for any /c e N, a e P(N), t > with 
p — (p, the vacuum expectation in r{H). Then 

<p{c,{k,, a,, q,)... c,{k^, a„; = | H^ei. QtiB) n even 

where the generator Qt does not depend of k{B) and iTj's and is given by 
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Note that the filtered Gaussian noise was obtained before as the GNS representation of 
the hmit state of the invariance principle (in a slightly more general version) . 



Below we will find the expectations of the filtered (multivariate) Poisson noise con- 
structed from filtered fundamental processes given by (6.4)-(6.7), which is also a way 
to justify the correctness of our definition of filtered number operators (6.3). 

Theorem 8.3. For any k eN, a e V{N) and t>0, let 
and let (p be the vacuum expectation state in r(7Y). Then 

where /ci, . . . , A;„ e (Ti, . . . , (7„ e P(N) and b{R) is the number of blocks of R. 
Proof. First of all, notice that if 7(1), ... , I{r) are disjoint intervals in R+, then 

^(Ai^,\f ...A(^r„')"^) = ^(ABj...^(ABj 

— * 

where ^[s,t) ~ -^t — -^s a-nd Bi, . . . ,Br are the blocks of R{k, a), with R being the parti- 
tion associated with the tuple (Zi, . . . , /„). This fact follows from the continuous tensor 
product decomposition of TiTi.) with respect to time and the fact that all summands 
of A^^^^^ have the form a{I{l))p{I{l),a), where p{I{l),a) plays the role of P{l,a) in 
(3.1), whereas a{I{l)) is an elementary tensor which has units at all sites associated 
with /(m)'s for m ^ I. Note that they are not filtered random variables in the sense 
of Definition 3.1, however (8.1) still holds. Moreover, the distribution 0/ = (t>\Ci, where 
Ci is the unital *-algebra generated by A; G N, o" e 'P(N), depends only on the 

Lebesgue measure A(/) of / since every expectation is in fact a polynomial in the lenght 
of /. This can be seen by using Proposition 6.1. 
In view of Lemma 8.2, it suffices to show that 




for any A; G N and cri, . . . , (T„ G P(N). 

Looking at the action of the fundamental filtered operators on the finite particle 
domain (Proposition 6.1), we can see that in the considered expectation each creation- 
annihilation pair as well as each time operator produce t, whereas each number operator 
produces an integer. Therefore, we obtain 

^(Af"^)) = V^(Ar"^)) = i, 

(^(Af '"^^Af '"^)) = ^(Af '"^^Af '"'^*) + o{t) 
(/?(Af '"^^ . . . Af '"")) = ifiAf'"'^ Af'^'^° . . . Af Af'"-^*) + o{t) 
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= t + o{t) 

for n > 2 and any A; e N, ui, . . . , e P(N). Hence 

which enables us to use Lemma 8.4 and obtain the desired form of the expectation. □ 

The above theorem gives the combinatorics of the filtered Poisson noise, defined 
by (8.1). As it contains infinitely many colors and filters, this combinatorics involves 
multivariate expectations (when speaking of a 1-dimensional noise wc mean one "type" 
of operator, although it has infinitely many "copies"). It can be noted that if /c € cr, 
then A^'^''^^ for fixed k and a gives classical Poisson white noise and if A; ^ a, then A^'^''^'' 
gives Boolean (or, 1-free) Poisson white noise (cf. Theorem 5.4). Moreover, m-free and 
free Poisson white noises are obtained from linear combinations of the same type as 
in (3.3) and (5.4). In general, also on the level of white noise, filtered Gaussian and 
Poisson's white noises are also the building blocks of other Gaussian and Poisson's white 
noises since the latter can be obtained from the former by addition or strong limits. 



9. A FREE FOCK SPACE DECOMPOSITION OF TiH) 

In this section wc embed the free and m-free Fock spaces over /C, denoted by T{1C), 
T^'^\lC), m G N, respectively, in the multiple symmetric Fock space ^('^^), where 
Ti. — IC ® and extend the m-free and free creation and annihilation operators to 
bounded operators on TiTi). We assume that /C = L^(R+). 

Let us introduce the following linear combinations of filtered creation and annihila- 
tion operators, respectively: 

m 

limy^j^ = E(«^'^*(/®efe)-a('=-^>(/0e,)) (9.1) 
fe=i 

m 

l^'^Kf) = E(«^'n/®e,)-aM(/®e,)) (9.2) 
fe=i 

where m e N. We will call /^"*^*(/), l^^\f), the extended m-free creation and annihi- 
lation operators, respectively. In order to compare them with the m-free creation and 
annihilation operators a'^"^^*(/), a*('"^(/) introduced in [4], let us recall the definition of 
the latter. 

First, the m-free Fock space over /C is the truncation of order m of the free Fock 
space, namely 

m 

k=l 

where cUm is the vacuum unit vector, with the canonical scalar product. The m-free 
creation operators are then given by 

a("^)*(/) : :rM(/C) ^ :r("^)(/c) 
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1^ Q if n = m 

with a^"^^* {f)ujra = f and the m-free annihilation operators 

a("^)(/)/i®...®/„ = (/,/i)/2®...®/„ 

if 1 < n < m and a(™)(/)a;^ = 0. Note that a(™)*(/), a("^)(/) are bounded on Jp(™)(/C) 
since they are trunations of order m of free creation and annihilation operators a*{f), 
a{f) on the free Fock space J^(/C), respectively. We will see below that /(™)*(/), /^^H/) 
are bounded extensions of a^™'^*{f), a^^\f), f E JC, respectively, to r(7i). 

If wc set m = oo in the formulas for extended m-free creation and annihilation 
operators, we obtain operators which we denote /*(/) and /(/), respectively which will 
be called extended free creation and annihilation operators. They, too, are bounded 
extensions of free creation and annihilation operators a*{f), a{f), / e /C, to all of 
^i^i), respectively. 

Thus, wc identify two notations: = l*{f), /(°°)(/) = /(/), / G /C. In that 

context we will understand that p(°°) = /. In general, in this section we will often 
assume for convenience that m e N* = NU{cxd}. However, certain results will be 
stated for m = oo separately in order to single out the free case. 

Remark. On the finite particle domain FqIH), spanned by fl and vectors of the form 

(/i ® CfeJ o . . . o (/„ (g) efe„) 

where /i, . . . , /n G /C, /ci < /i;2 < • • • < /j^, n G N, the series given by (9.1)-(9.2) for 
m — oo are strongly convergent since only a finite number of terms do not vanish when 
acting on vectors of finite "color support" and thus give well-defined operators with 
domains dense in r(7Y) . A similar feature was exhibited by the series representation of 
free random variables obtained from the construction of the hierarchy of freeness ([11], 
[5]). We will see below that they have bounded extensions to T{7i). 

Let us first determine the action of m-free creation and annihilation operators on 

ro{n). 

Proposition 9.1. Let /, /i, ...,/„ e /C and ki < k2 < . . . < K, m e N* . Then 

Z('">(/)Q = /®ei, 

/(™)*(/)(/i®efcJo...o(/„®e,J 

= l{m>fe„+l}V(^+ ® ^fci) O ■ ■ ■ ° (/n efe„) O (/ (g) efe„+i), 

/M(/)Q = 0, 
^^'"n/)(/i®e,Jo...o(/„®efcJ 

= l{m>fe„};^(/, /n)(^fe„,ifc„_i+l(/l CfeJ O . . . O (/„_! efe„_J 
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where it is understood that ko = 0. 
Proof. Note that 

where 

p['=-il(/i ® efcj o . . . o (/„ ® efcj = Sk-i,kMi ® efcj o . . . o (/„ ® CfeJ 
since Pl^-^l = P^'^) - P^^^-^) and kj < kn for all j = 1, . . . , n. Thus, 

ZM*(/)(/i®efcJo...o(/„®efeJ 

m 

= ^ a*(/ (8) efe)p['=-il(/i CfeJ o . . . o (/„ (8) e^J 
fe=i 

m 

= X] <^fe-i,fen«*(/ ® (8) efcj o . . . o (/„ (g) efc„) 

k=l 

= l{m>fen+i}a*(/ ® efc„+i)(/i (g) CfeJ o . . . o (/„ (g) efc„) 
= l{m>fe„+i}Vn + l(/i <8) efej o . . . o (/„ (g) efe„) o (/ (g) efe„+i). 
Next, if n > 1, then 

m 

fc=i 

2 m n 

= ^ E E(/ ® ^fc' /i ® ek,)P^^-'Kfi g) CfcJ o . . . o (/,g)efc.) o . . . o (/„ g) CfcJ 
V fe=i j=i 

-j^ m n— 1 

— (/' /j)<^ik,fe/fe-i,fen(/i «) efej o . . . o ifj^ekj) o . . . o (/„ (g) ejk„) 

^ A;=l i=l 

+^ fn)Sk,kJk-i,K-iifi ejfcj o . . . o (g efe„_J 

= l{m>fe„}-^(/, /n)(^fc„,ifc„_i+l(/l ® efej O . . . O ® efe„_J 



where the last equality follows again from the fact that kj < kn for j < n, which makes 
the first sum vanish. If n = 1, then 

m 
k=l 

The action on the vaccum vector is immediate. □ 
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Corollary 9.2. In particular, ifm = oo, we obtain 

r(/)Q = /«)ei, 
/*(/)(/i®efcJo...o(/„®efeJ 
= \/{n + l){fi ® CfeJ o . . . o (/„ ® CkJ o (/ efc„+i), 

Km = 0, 

<^ efcj o . . . o (/„ efc„) 

(/, /n)4„,fc„_i+l(/l ® CfcJ O . . . O ® efe„_J. 

77/ 



Theorem 9.3. For any m e N* an(i f,g elC, the operators l^"'>{f) and l^^'^f) 
have unique bounded extensions to I'i'H), are adjoints of each other, and satisfy the 
following relation: 

Proof. By Proposition 9.1 we have 

\/n+ l(/i ® efej o . . . o (/„ (g) CkJ 0(90 Cfc^+i) 

= l{m>fc„+l}(/,^)(/l ® CfcJ O . . . O (/„ ® efc„) 

where /ci < /i;2 < • • • < A^n, which proves that the relation holds on ro(7i). The proof of 
adjointness goes as follows. 

((/i ® CifcJ o . . . o (/„ (8) CfcJ, l^"'^*{f){gi ^ei,)o ...o{gp^ e^J) 



= l{m>ip+i}v^P+ 8) CfeJ o . . . o (/„ (g) ejk„), (fifi (g) CiJ o ...o{gp<^ e;^) o (/ (g e/^+i)) 



l{m>/p + l} — j-<5n,p+l(^fei,ii • • ■Skr,-i,ln-i^k„,lp+l{fl,gi) ■ ■ ■ {fn-1, gn-l){fn, f)- 

On the other hand, 

® efcj o . . . o (/„ efcj, {gi ® e,J o . . . o (^^ ® e^J) 

= l{m>fe„} _ -|^^|^n-l,P^A;i,ii ■ ■ ■ (^fc„_i,i„_i(^fe„,A;„-i+l (/l, Si) ■ ■ • {fn-1, 5'n-l)(/n, /) 

where the following expression for the scalar product 

((/i ® efcj o . . . o (/„ efe„), (5(1 g) e/J o . . . o (51^ g) e/J) 

— r5n,p5fci,h • • • ^A:„,/„(/l,fi'l) • • • {fn,gn)- 

is obtained from the canonical scalar product on r(?i). Therefore, we have 
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for x,y ^ ro(7Y). Now, note that 

® e,J o . . . o (/„ ® e,J||2 = l{.„>fe„+i}||/||l/i ® e^J o . . . o (/„ ® e^JH^ 

hence has a unique bounded extension to r{H) of norm = ||/|| and 

thus the annihilation operator l^'^\f) has also a unique bounded extension to of 
norm||/M(/)|| = ||/||. □ 

Acting with the m-free creation and annihilation operators on Q, m e N, and taking 
the closure, we recover a subspace isomorphic to the m-free Fock space !F^'^\K,). Thus, 
denote by (/C) the closure of the space Tq^^ (/C) spanned by Q, and vectors of the 
form 

(/„ (g) ei) o . . . o (/i o en) 

where /i, • • • , G /C, 1 < n < m if m is finite. Similarly, denote by J^(/C) the closure 
of Tq{1C) spanned by vectors of the above form with arbitrary n G N. We obtain 

((/n (8) ei) o . . . o (/i (g) en)), {gm<S>ei)o ...o {gi e^)) = 5n,„A(/i, gi) ■ ■ ■ {f„, g„) 
by the orthogonality of ei, . . . , e„. 

Corollary 9.4. The m-free Fock space T^'^\1C) is isomorphic to ^^'^\K). The 
free Fock space !F{1C) is isomorphic to T{1C) . 

Proof. The unitary isomorphism from J^o{)C) to J^o{]C) is given by 

/i ® . . . (g /„ Vn^-ifn ® ei) o . . . o (/i (g) e„) 
and thus extends uniquely to .^(/C) (its restrictions give the result for J^^'^\lC)). □ 

Thus, for each m e N, we obtain the filtration 

^^'\IC) <...< ^(™)(/C) < . . . < ^{)C) 
in which ^('") (/C) is an invariant subspace for the C*-algebra 

CM =c*(l,/("^>(/)|/ e JC) 

and J^{IC) is an invariant subspace for the C*-algebra 

C = C*(l,r(/)|,/e/C). 

Moreover, each j^(/C) is only one copy of the free Fock space in r(/C) and it turns out 
that one can decompose r(7i) into a countable direct sum of subspaces isomorphic to 
to the free Fock space and invariant under C. In the sequel we will concentrate on this 
decomposition, in other words on what is "between" J^{}C) and T{7i). 

In order to determine this, we need to take a closer look at the kernel of the an- 
nihilation operators. Let {dn}'^=i be an orthonormal basis in JC. Note that the set 
consisting of fl and vectors of the form 

(rfii (g) efei) o . . . o {di„ (g ek„) 
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where ki < k2 < ■ ■ ■ < kn and v < V+i whenever ki^ = ki^_^_^ , is an orthogonal basis in 
r(7Y) (the ordering of indices is used for convenience, which is possible due to the fact 
that the product is symmetrized) . Denote by V the subset of this basis consisting of 
and vectors of the above form for which kn 7^ /Cn-i + li i-e. the last two vectors are of 
identical colors or their colors differ by more than 1 if n > 1, and the last color is not 
equal to 1 if n = 1 . By normalizing the vectors from T> we get 

V = {x/\\x\\ \x e V} 

which is an orthonormal set. Let =Vn T"'+^\ where 1"+^) = T{H^"'+^'^). We 
understand that V^^^ = V. 

Proposition 9.5. C ker l^^^^f) for any m e N* and f e IC. 

Proof. This follows from Proposition 9.1 due to the presence of (5fe„,A;„_i+i on the right- 
hand side of the formula for the annihilation operators. □ 

Proposition 9.6. Letm e N*. Then 

00 

J2l^'^^*{ds)l^'^\d,) = I - Pp(^)]er(". 

s=l 

where P[D(">-)]®r("^ 

the projection onto [D^"^^ ® F^"* and F^"* = r{n G 7^^'"+^)). In 

particular, 

00 

J2l*{d,)l{ds)^I-PlV] 

s=l 

thus C = Ooo, where O^o is the Cuntz algebra. 
Proof. It can be seen from Theorem 9.3 that 

where Qs is the projection onto the subspace spanned by vectors of the form 

(4i (g) CfcJ o . . . o {ds^_^ ® efc„_J o {ds ® efc„) 

where ki < . . . < kn-i = kn — I < kn < m (cf. [25]). These subspaces are pairwise 
orthogonal and span the orthogonal complement of [P^™)] © F^™, which proves the first 
formula. The second formula is just a special case when m — 00 and, together with 
Theorem 9.3, it implies that the C*-algebra generated by l*{f), / G /C, is isomorphic 
to the Cuntz algebra since K, is countably separable. □ 

Let us introduce the following notation on Fo(?i): 

U Q W — Ui O . . . O Ur O Wi O . . . O Wn 

where u — Ui o . . . o Ur, w — Wi o . . . o Wn- 
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Proposition 9.7. Ifx = xio. . .oxr, z = z\o. . .ozr, u = uio. . .oun, v = vio. . .ovn, 
where Xi, Zi G 7ii, I < i < r and Zj,Vj ETC2, ^ < j ^n, and TCi,H2 are two orthogonal 
suhspaces ofH, then 

t\ti\ 

(xQu,zQv) = - — '—-{x,z)(u,v). 
[r + ny. 

Proof. Using the orthogonality of Tii and 0.2 and the formula for the scalar product in 
r(?i), we obtain 

{x Q u, z Q v) 

= / ^ N, Y^i^^^M^)) ■■■i^r,Za{r)){ui,Vr(l)) ...{Un,Vr{„)) 

{r-\-n). ^^g^ ^^g^ 



r\n\ 

-{x,z){u,v). 



(r + n)\ 

□ 

The C*-algebra C is a C*-subalgebra of B(V{1-L)). Denote the faithful representation 
of C on r(7i) by tt. Since [Cx] is for each a; G P a closed subspace of r(7Y), which is 
invariant under each operator A in C, the mapping A — > >1| [Cx] is a cyclic representation 
of C on [Cx\ with cyclic vector x. Denote this representation by tt^;. We will show below 
that TT is a direct sum of cyclic representations tTj;, x e P. 

Theorem 9.8. The multiple symmetric Fock space has the direct sum decomposition 

v{n) = [Cx] 

where [Cx] = ^{JC), according to which 

where tt^ = p, and p is the free Fock space representation ofC. 
Proof, li X — x/[[x[[ &T>, where x is of the form 

X = {di® CfcJ o . . . o {di^ (g) Cjt^) 

with kj. — I, then [Cx] is the closed subspace of T{V) spanned by vectors of the form 

XQ{fn® ei+i) O . . . O (/i (g) ei+n) 

where fi,...,fn G /C. Clearly, [Cx] is invariant under C. Let us show that for each 
xeV, [Cx] = J^(/C). 

For that purpose, define the linear mapping 

: j^o(/C) ^ [Cx] 

by 

U^iuj) = X 
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U^ifi ® . . . ® /n) = y ^, X (/„ ei+i) O . . . O (/i ei+n)- 
This mapping is scalar-product preserving since 

{Uxfi ■ ■ ■ /n, ■ ■ ■ 5'm) 

r ^ _|_ ^ J ! 

= Sn,m '-{X ifn Ci+l) O . . . O (/i e,+„), X (g^ e,+i) O ... O (5(1 6/+^)) 

= n!((/n ei+i) O . . . O (/i e^+n), (g'n ei+i) O . . . O (gr^ e^+n)) 

= {fl,9l) ■ ■ ■ {fn,9n), 

and tlicrefore lias a unique extension to JF(/C). It is not hard to see that [Cx] _L [Cx'] 
for X x' and that r(?Y) is a direct sum of [Cx] for all x eT>. 

It remains to be shown that Ux intertwines between tTx and the free Fock space 
representation p of C on !F{K). We have 

7r.(r(/))[/,(a;) = VF + Tx © (/ e,+i) = Ux{f) = Uxp{l*{f))u 

and 

7r.(r(/))[/,(/i0...0/„) 



-a; (/n e/+i) o . . . o (/i ei+„)(/ ei+n+i) 



V 7"! 

= t^x(/0/l0---0/n) 

= c/.p(r(/))(/i0...0/„) 

for any /i, ...,/„,/ e /C, n > 1. Similarly, 7r^(Z(/))C/^Q = = = Uxp(l{f))^ and 

7rx(/(/))t/x(/i0...0/n) 



T^xiKf ))]^ ^, (/n e^+i) o . . . o (/i e,+n) 



-(/, fi)x ifn e^+i) o . . . O (/2 ei+n-l) 



V r! 

= (/,/l)W2(H)---®/n) 
= f^.p(/(/))(/l0...0/n). 

Therefore nx{a)Ux = Uxp{a) also for any a E C. This finishes the proof. □ 

Let us finally define extended m-free number operators. Guided by the definitions 
of extended creation and annihilation operators, we set 

rn 

k=l 
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where m G N* and a^*^-'")" = 0^^''^^° for cr = (1, r — 1} and a^^'"^" is given by (6.3). 
Let us determine the action of extended number operators on the finite particle domain. 

Proposition 9.9. Let fi, . . . , fn e fC, ki < . . . < k,,, m g N*. The finite particle 
domain TqIT-C) is contained in the domains of extended m-free number operators and 

/^"^^°(/i®efeJo...o(/„(8)efeJ 

^ f ^fen(/i ® efej o . . . o (/„ (g) ekj if % + 1 = /c„ < m for j < n 
I otherwise 

where Nk = H^{i\ki = k}. 
Proof. We have 

l^"'^°{fi®ek,)o...o{f^®ek„) 

m 

A;=l 

^ 1 a(*^")°(/i (g) CfeJ o . . . o (/„ (g) efe„) if kj + 1 = kn < m for j < n 
I otherwise 

^ f ^fcn(/i <H) efcj o . . . o (/„ (g) efc„) if A;^- + 1 = < m for j <n 
[ otherwise 

This ends the proof. □ 

In other words, "counts" particles of the highest color kn if that one is smaller 
or equal to m and the second highest color is equal to /c„ — 1. Otherwise, the extended 
free number operator gives zero. In particular, on ^q™'\iC) we obtain 

ZM°0 = 

e„) o . . . o (/„ ® ei) = (/i (g e„) o . . . o (/„ ® ei) 

for 1 < n < m. 

It can be seen that, contrary to the case of extended m-free creation and annihila- 
tion operators, the operators /('")° are not bounded on r(7i). Clearly, they are bounded 
on JP(™)(?i) and, in fact, it can be shown that they are bounded on [Cx] for each x 
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